Method of polarized semi-inclusive deep inelastic scattering (SIDIS) data analysis in the next to leading order (NLO) QCD is developed. Within the method one first directly extracts in NLO few first truncated (available to measurement) Mellin moments of the quark helicity distributions. Second, using these moments as an input to the proposed modification of the Jacobi polynomial expansion method (MJEM), one eventually reconstructs the local quark helicity distributions themselves. All numerical tests demonstrate that MJEM allows us to reproduce with the high precision the input local distributions even inside the narrow Bjorken x region accessible for experiment. It is of importance that only four first input moments are sufficient to achieve a good quality of reconstruction. The application of the method to the simulated SIDIS data on the pion production is considered. The obtained results encourage one that the proposed NLO method can be successfully applied to the SIDIS data analysis. The analysis of HERMES data on pion production is performed. To this end the pion difference asymmetries are constructed from the measured by HERMES standard semi-inclusive spin asymmetries. The LO results of the valence distribution reconstruction are in a good accordance with the respective leading order SMC and HERMES results, while the NLO results are in agreement with the existing NLO parametrizations on these quantities. 8 JEM with respect to polarized quark densities was first applied in Ref.
Introduction
One of very important topics in the modern high energy physics is the investigation of the partonic spin structure of nucleon. In this connection, nowadays, there is a huge growth of interest to the SIDIS experiments with longitudinally polarized beam and target such as SMC [1] , HERMES [2] , COMPASS [3] . It is of importance that the SIDIS experiments, where one identifies the hadron in the final state, provide us with the additional information on the partonic spin structure in comparison with the usual DIS experiments. Namely, on the contrary to the DIS data, the SIDIS data allows us to extract the sea and valence quark helicity distributions in separation.
At the same time it is argued (see, for example, Ref. [4] ) that to obtain the reliable distributions at relatively low average Q 2 available to the modern SIDIS experiments 4 , the leading order (LO) analysis is not sufficient and NLO analysis is necessary. In Ref. [5] it was proposed the procedure allowing the direct extraction from the SIDIS data of the first moments (truncated to the accessible for measurement Bjorken x region) of the quark helicity 1 E-mail address: sisakian@jinr.ru 2 E-mail address: shev@mail.cern.ch 3 E-mail address: ivon@jinr.ru 4 For example, HERMES data [2] on semi-inclusive asymmetries is obtained at Q 2 mean = 2.5 GeV 2 distributions in NLO QCD. However, in spite of the special importance of the first moments 5 , it is certainly very desirable to have the procedure of reconstruction in NLO QCD of the polarized densities themselves. At the same time, it is extremely difficult to extract the local in Bjorken x (x B ) distributions directly, because of the double convolution product entering the NLO QCD expressions for the semi-inclusive asymmetries 6 (see Ref. [5] and references therein). Fortunately, operating just as in Ref. [5] , one can directly extract not only the first moments, but the Mellin moments of any required order. Using the truncated moments of parton distribution functions (PDFs) and applying the modified Jacobi polynomial expansion method (MJEM) proposed in Ref. [6] one can reconstruct PDFs themselves in the entire accessible for measurement x B region. In the brief letter [6] MJEM was tested using only the simple numerical (idealized) examples, where the exact values of the input moments entering MJEM are known (see Section 2) . However, in the conditions of the experiment we have at our disposal only rather small number of the measured asymmetry values (one point for each bin with the rather wide bin widths at the middle and large x B ). Thus, extracting the moments from the measured asymmetries one calculates the integrals over x B using rather small 7 number of points. So, because of this problem, even for the data obtained with very high precision (small errors) the extracted moments always suffer from the deviation from their true values. In this extended paper we investigate this problem in detail (see Section 3). In Section 3 MJEM is tested with the simulations corresponding to the kinematics of the HERMES experiment, where the accessible x B region is the most narrow in comparison with SMC and COMPASS regions. After the testing the proposed method is applied to the NLO QCD analysis of the HERMES data (Section 4). Notice that although the method is quite general, within this paper we deal only with the SIDIS data on the pion production. The point is that here we would like first of all to see how well the method itself works. That is why, for a moment, we do not like to deal with the such poorly known objects as D K ± q and D h g fragmentation functions which additionally introduce the big uncertainties in the analysis results. For example, the analysis performed in Ref. [7] shows that the different choices of parametrizations for these fragmentation functions lead to the strong disagreement in the obtained results (about 30% for valence quarks and about 100% for sea quarks). From this point of view the most attractive objects are the difference asymmetries [8] (for details on difference asymmetry in NLO see [9, 5] and references therein), where the fragmentation functions are cancel out in LO, while in NLO the difference asymmetry has only weak dependence of the difference of the favored and unfavored pion fragmentation functions (known with a good precision). In Section 4 the pion difference asymmetries are constructed from the measured by HERMES standard semi-inclusive spin asymmetries. Using as a starting point the constructed in such a way difference asymmetries, the (preliminary) reconstruction in NLO QCD of the valence PDFs from the HERMES data is performed. 5 Let us recall that namely these quantities, first moments, are of the most importance for solution of the proton spin puzzle because namely these quantities compose the nucleon spin 6 So, on the contrary to LO, where direct extraction of PDFs is possible, it seems at first sight that dealing with SIDIS asymmetries in NLO one can not avoid some fitting procedure. However, the modern world SIDIS data provide us by the rather small number of points for the measured asymmetries (and, besides, they suffer from the large statistical errors). Thus, purely semi-inclusive data very weakly constrains (large value of χ 2 /DF ) the large number of fit parameters entering NLO analysis (for example, twenty free parameters are used in Ref. [7] ). At the same time, the addition of DIS data in analysis can not help us to solve the main task of SIDISto extract the valence, sea and strange PDFs in separation. 7 For example, HERMES used 9 bins for the region 0.023 < x < 0.6 and COMPASS used 12 bins for the region 0.003 < x < 0.7.
2 MJEM and the usual JEM in comparison. Numerical tests.
In this section we, for the sake of selfconsistence and clarity, represent in more detail the results of Ref. [6] . There exist several methods allowing to reconstruct the local in x B quantities (like structure functions, polarized and unpolarized quark distributions, etc) knowing only finite number of numerical values of their Mellin moments. All of them use the expansion of the local quantity in the series over the orthogonal polynomials (Bernstein, Laugerre, Legendre, Jacobi) -see Ref. [10] and references therein. The most successful in applications (reconstruction of the local distributions from the evolved with GLAP moments and investigation of Λ QCD ) occurred the Jacobi polynomial expansion method (JEM) proposed in the pioneer work by Parisi and Sourlas [11] and elaborated 8 in Refs. [12] and [10] .
The local in x B functions (structure functions or quark distributions) are expanded in the double series over the Jacobi polynomials and Mellin moments (see the Appendix):
where N max is the number of moments left 9 in the expansion. For what follows it is of importance that the moments entering Eq. (1) are the full moments, i.e., the integrals over the entire Bjorken x region 0 < x < 1:
Till now nobody investigated the question of applicability of JEM to the rather narrow x B region available to the modern polarized SIDIS experiments. So, let us try to apply JEM to the reconstruction of ∆u V (x) and ∆d V (x) in the rather narrow x B region 10 a = 0.023 < x < b = 0.6 available to HERMES, and to investigate is it possible to safely replace the full moments (2) by the truncated moments. To this end we perform the simple test. We choose 11 GRSV2000NLO (symmetric sea) parametrization [14] at Q 2 = 2.5 GeV 2 . Integrating the parametrizations on ∆u V and ∆d V over the HERMES x B region we calculate twelve truncated moments given by (c.f. Eq. (13) below)
where we put F (x) = ∆u V (x) or F (x) = ∆d V (x) and choose a = 0.023, b = 0.6 . Substituting these moments in the expansion Eq. (1) with N max = 12, we look for optimal values of parameters α and β corresponding to the minimal deviation of reconstructed curves for ∆u V (x) and ∆d V (x) from the input (reference) curves corresponding to input parametrization. To find these optimal values α opt and β opt we use the program MINUIT [15] . The results are presented in Fig. 1 . Looking at Fig. 1 , one can see that the curves strongly differ from each other even for the high number of used moments N max = 12. Thus, the substitution of truncated moments instead of exact ones in the expansion (1) is a rather crude approximation at least for HERMES x B region. Fortunately it is possible to modify the standard JEM in a such way that new series contains the truncated moments instead of the full ones. The new expansion looks as (see the Appendix)
where we use the notation Eq. (3) for the moments truncated to accessible for measurement x B region. It is of great importance that now in the expansion enter not the full (unavailable) but the truncated (accessible) moments. Thus, having at our disposal few first truncated moments extracted in NLO QCD (Eqs. (9) below), and applying MJEM, Eq. (4), one can reconstruct the local distributions in the accessible for measurement x B region.
To proceed let us clarify the important question about the boundary distortions. The deviations of reconstructed with MJEM, Eq. (4), F Nmax from F near the boundary points are unavoidable since MJEM is correctly defined in the entire region (a, b) except for the small vicinities of boundary points (see the Appendix). Fortunately, F Nmax and F are in very good agreement in the practically entire accessible x B region, while the boundary distortions are easily identified and controlled since they are very sharp and hold in very small vicinities of the boundary points (see Figs. 2-4 below) . In this section we, for clarity, explicitly show these distortions in all figures. In the next sections the all such distortions will be just cutted off.
Let us check how well MJEM works. To this end let us repeat the simple exercises with reconstruction of the known GRSV2000NLO (symmetric sea) parametrization and compare the results of ∆u V (x) and ∆d V (x) reconstruction with the usual JEM and with the proposed MJEM. To control the quality of reconstruction we introduce the parameter 12
where F ref erence (x) corresponds to the input parametrization and F reconstructed (x) ≡ F Nmax (x) in Eq. (4). We first perform the reconstruction with very high number of moments N max = 12 and then with the small number N max = 4. Notice that the last choice N max = 4 is especially important because of peculiarities of the data on asymmetries provided by the SIDIS experiments. Indeed, the number of used moments should be as small as possible because first, the relative error |δ(
becomes higher with increase of j and second, the high moments become very sensitive to the replacement of integration by the sum over the 12 Calculating ν we just cut off the boundary distortions which hold for MJEM in the small vicinities of the boundary points (see the Appendix), and decrease the integration region, respectively. To be more precise, one can apply after cutting some extrapolation to the boundary points. However, the practice shows that the results on ν calculation are practically insensitive to the way of extrapolation since the widths of the boundary distortion regions are very small (about 10 −3 ).
bins. The results of ∆u V (x) and ∆d V (x) reconstruction with MJEM at N max = 12 and with application of both JEM and MJEM (in comparison) at N max = 4, are presented in Figs. 2 and 3. It is seen (see Fig. 2 ) that for N max = 12 MJEM, on the contrary to the usual JEM (see Fig. 1 ), gives the excellent agreement between the reference and reconstructed curves. In the case N max = 4 the difference in quality of reconstruction between JEM and MJEM (see Fig. 3 ) becomes especially impressive. While for standard JEM the reconstructed and reference curves strongly differ from each other, the respective curves for MJEM are in a good agreement. Thus, one can conclude that dealing with the truncated, available to measurement, x B region one should apply the proposed modified JEM to obtain the reliable results on the local distributions.
Until now we looked for the optimal values of parameters α and β entering MJEM using explicit form of the reference curve (input parametrization). Certainly, in reality we have no any reference curve to be used for optimization. However, one can extract from the data in NLO QCD the first few moments (Eqs. (9) below). Thus, we need some criterium of MJEM optimization which would use for optimization of α and β only the known (extracted) moments entering MJEM.
On the first sight it seems to be natural to find the optimal values of α and β minimizing the difference of reconstructed with MJEM and input 13 (entering MJEM (4)) moments. However, it is easy to prove (see the Appendix) that this difference is equal to zero:
i.e. all reconstructed moments with n ≤ N max are identically equal to the respective input moments for any α and β. Fortunately, we can use for comparison the reference "twicetruncated" moments
i.e. the integrals over the region less than the integration region (a, b) for the "once-truncated" moments M ′ [a,b] entering MJEM (4). The respective optimization criterium can be written in the form
The "twice truncated" reference moments should be extracted in NLO QCD from the data in the same way as the input (entering MJEM (4)) "once truncated" moments. In reality one can obtain "twice-truncated" moments using Eqs. (9) (below) and removing, for example, first and/or last bin from the sum in Eq. (14) (below). Let us now check how well the optimization criterium (8) works. To this end we again perform the simple numerical test. We choose GRSV2000NLO parametrization at Q 2 = 2.5 GeV 2 with both broken and symmetric sea scenarios. We then calculate four first "once-truncated" and four first "twice-truncated" moments defined by Eqs. (3) and (7) , and substitute them in the optimization criterium (8) . To find the optimal values of α and β we use the MINUIT [15] program. The results are presented in Fig. 4 . It is seen that the optimization criterium works well for both symmetric and broken sea scenarios.
Thus, the performed numerical tests show that the proposed modification of the Jacobi polynomial expansion method allows to reconstruct with a high precision the quark helicity distributions in the accessible for measurement x B region.
3 Reconstruction of the valence quark helicity distributions from the simulated data.
In this section the proposed NLO QCD method will be applied to the simulated data. The simulations give us a good tool for testing of the method since here one knows in advance the answer to be found -the reference parametrization entering the generator as an input. At the same time the properly performed simulations (i.e., corresponding to the experimental statistics, binning and kinematical cuts) allow us finally adapt the method for application to the real experimental data. Let us first investigate the peculiarities of the nth moments extraction in the conditions of the real experimental binning (rather small number of bins covering the accessible for measurement x B region).
The simple extension of the procedure proposed in Ref. [5] gives for the n-th moments ∆ n q ≡ 1 0 dx x n−1 q(x) of the valence distributions the equations
Here the notation is absolutely analogous to one used in Ref. [5] :
with the coefficient
and D 1 (D 2 ) is favored (unfavored) pion fragmentation function. It should be noticed that in reality one can measure the asymmetries only in the restricted Bjorken x region a < x < b, so that the approximate equations for the truncated moments (c.f.
of the valence distributions have the form Eq. (9) with the replacement of the full integrals in Eq. (10) by the sums over bins covering the accessible region a < x < b:
and analogously for A (n)
d . The approximation to Eq. (10) given by Eq. (14) is based on the assumption that all integrated quantities are the constants 14 within each bin. This is well-known "middle point" numerical integration method.
However, it seems that there is a way to improve this approximation having in mind the real experimental situation. The point is that the reality of an experiment compel us to approximate by the constant within the bin only the measured quantity (difference asymmetry here), that can be written as
where 
Notice that the analogous way of the integral approximation was applied by the HERMES collaboration in Ref. [2] , where the moments ∆ ′ n q were reconstructed substituting extracted from the data ("measured") quantities (∆q/q)(
To see the advantage of Eq. (16) application, let us compare it with the application of the integration procedure given by Eq. (14) . To this end we perform absolutely idealized LO test, where in each bin (we choose the HERMES binning) the value of asymmetry is directly calculated from the given 15 parametrization on ∆u V and ∆d V using the theoretical LO expressions [8] for the difference asymmetries
For simplicity, within this test we put x i = (x i − x i−1 )/2 (i = 1, . . . , 9; x 0 = 0.023, x 9 = 0.6), so that reconstructed with Eq. (18) values of ∆u V ( x i ) and ∆d V ( x i ) exactly coincide with the respective input parametrization values in the points x i -see Fig 5 . Now we calculate four first moments using reduced to LO Eqs. (9) and the integration procedures given by Eqs. (14) and (16) and then we apply 16 MJEM to both sets of the obtained moments. Looking at Fig. 5 one can see that reconstructed in this way curves strongly differ from each other, and the curve obtained with application of the integration procedure given by Eq. (16) is in much better agreement with the input (reference) parametrization. Thus, following the results of just performed test, from now on we will use namely Eq. (16) performing the moments calculations.
Let us now perform LO and NLO analysis of the simulated SIDIS data on π + and π − production with both proton and deutron targets. To this end we use the PEPSI generator of polarized events [16] . The conditions of simulations are presented in Table 1 and correspond to the HERMES kinematics. Let us stress that all the cuts on Q 2 , x F , W 2 and z h in Table 1 are the standard physical 17 cuts applied by SMC, HERMES and COMPASS. The statistics 3 · 10 6 in Table 1 is the total number of DIS events for both proton and deutron targets and for both longitudinal polarizations. 
Using the simulated data we construct the difference asymmetries (see Ref. [5] for details)
where N π ± ↑↓(↑↑) are the counting rates integrated over z h in the region Z = 0.2 < z h < 1, L ↑↓(↑↑) = N ↑↓(↑↑) /σ ↑↓(↑↑) are the luminosities, and the quantities p B , p T , f are equal to unity in the conditions of simulations with PEPSI.
We first perform the LO analysis of the simulated difference asymmetries. The important peculiarity of LO analysis is that in this case one can perform the extraction of ∆u V and ∆d V 15 We choose for illustration GRSV2000LO (symmetric sea) parametrization. At the same time, it is easy to check that absolutely the same same picture holds for any other parametrization. 16 Here we find α opt and β opt values requiring the the minimal deviation of reconstructed with MJEM ∆u V ( x i ) and ∆d V ( x i ) from the reference parametrization values at the points x i . 17 For example, the important cut on invariant mass W 2 > 10 GeV 2 is applied by these collaborations to exclude the events coming from the resonance region.
in two ways. First is the direct extraction where one applies Eqs. (18) in each bin -points with error bars in Fig. 6 . The second method is the proposed one, where MJEM is applied to the LO extracted moments -dashed line in Fig. 6 . The moments used in MJEM are extracted from the simulated difference asymmetries with application of reduced to LO Eqs. (9) (10) (11) (12) and (16) are presented in Table 2 . 
Looking at Fig. 6 , one can see that the input (reference) parametrization slightly deviates from both the directly extracted values of ∆u V and ∆d V and the reconstructed with MJEM curve. These deviations are unavoidable and are caused by the specific character of the events generation with PEPSI. Our experience shows that the asymmetries reconstructed from the generated events always slightly differ from the respective asymmetries calculated from the input parametrizations (with application of Eq. (18) in LO). One the other hand, comparing the directly extracted and the reconstructed with MJEM ∆u V and ∆d V , one can see that they are in a good agreement with each other. Thus, the performed LO testing encourage us that the proposed method of PDFs extraction could be successfully applied.
Let us now clarify the important point concerning application of the optimization criterium Eq. (8) which we use to find the optimal values α opt and β opt of the entering MJEM parameters α and β (see Section 2 for details). All over the paper, applying the optimization criterium, we simultaneously use for each j (j = 1, . . . 4) in the sum two extracted twice-truncated moments. These moments correspond to two (sufficiently large and overlapping) integration regions, covering respectively the bins from first to seven and from third to last ninth. We make such choice because on the one hand, one should take into account in the criterium the whole accessible integration region, and, on the other hand, the "twice-truncated" moments should essentially differ from the "once truncated" moments for the well-working of the minimization procedure (see the respective discussion just after Eq. (6)).
Let us now perform the NLO analysis of the simulated data. We again use as an input two different parametrizations GRSV2000NLO (symmetric sea) and GRSV2000NLO (broken sea). The conditions of simulation are presented in Table 1 . We first extract the truncated moments using Eqs. (9)- (12) and (16) . The results are presented in Table 3 . Using these moments and applying MJEM, we reconstruct in NLO ∆u V (x) and ∆d V (x) with the results presented in Fig.  7 . Comparing Fig. 7 with Fig. 6 , one can see that quality of reconstruction in NLO does not concedes the quality of LO reconstruction. The slight deviations of reconstructed and input curves as before (c.f. Fig. 6 ) are explained by the unavoidable deviations of the simulated with PEPSI asymmetries from their reference (corresponding to the input parametrization) values. The remark concerning very important peculiarity of application in NLO of the optimization criterium Eq. (8) should be made here. The crucial point for the optimization criterium is the proper choice of the initial 18 values of α and β. Indeed, the experience shows that if these initial values are too far away from the real α opt and β opt to be found, then the MINUIT program can "fall" into some wrong local minimum and produce the false values of α opt and β opt . Fortunately in LO we can compare the reconstructed with MJEM curve with the reference (directly extracted) values of PDFs and unambiguously find the optimal values of α opt and β opt . On the other hand, it is natural to use α opt and β opt obtained within LO analysis as the initial (starting) values for the application of optimization criterium Eq. (8) in NLO. The simulations demonstrate (see Fig. 7 ) that with the such choice of initial α and β the minimization procedure performed in NLO analysis unambiguously finds the proper values of α opt and β opt . As a result the obtained with MJEM curves are in a good agreement with the input (reference) parametrizations. At the same time, looking at Figs. 8 and 9 , one can see that the combined behavior of LO and NLO extracted curves is in a good agreement with the respective combined behavior of the input (reference) parametrizations.
Thus, all performed in this section studies show that the proposed method can be successfully applied to the polarized PDFs extraction in NLO QCD.
4 NLO QCD analysis of the HERMES data on pion production.
Construction of the difference asymmetries from the HERMES data on pion production
Let us now apply the proposed method to the HERMES SIDIS data on the pion production. Within this paper we would like first of all to test the applicability of the method to the experimental data analysis. That is why, for a moment, we do not like to deal with the such poorly known objects as D K ± q and D h g fragmentation functions. As it was discussed before (see the Introduction), from this point of view the most attractive objects are the difference asymmetries. At the same time the difference asymmetries are still not constructed 19 . So, let us apply a trick and express the difference asymmetry given by Eq. (19) via the standard virtual photon SIDIS asymmetries
which were measured by HERMES [2] . Namely, in each ith bin the difference asymmetries given by Eq. (19) can be rewritten as
where the quantity R
It is easy to see that the ratio R +/− i can be rewritten as
and, thus, can be taken from the unpolarized SIDIS data. This relative quantity is well defined and extracted with the high precision object. We take its value from the LEPTO generator of unpolarized events [17] , which gives a good 20 description of the fragmentation processes. The calculations show that the relative quantities R +/− i remarkably weakly depend on statistics of simulated events. Indeed, if one changes N π + total LEP T O from 10 5 to 10 6 then only 1-3% deviation of R +/− i (in dependence of bin number) occurs. Nevertheless, to be more precise, extracting the quantities R +/− i for the HERMES statistics (N π + total = 117.000, N π − total = 82.000 for proton and N π + total = 491.000, N π − total = 385.000 for deutron targets, respectively [2] ) we preserve the condition . The results are presented in Fig. 10 .
First, for the sake of testing (to check how well Eq. (20) works), we reconstruct the valence PDFs in the leading order. In LO the equations for the difference asymmetries take the simple form given by Eq. (18) . With these equations we reconstruct ∆u V and ∆d V using the results on difference asymmetries presented in Fig. 10 . The results are shown in Fig. 11 , where we also plotted the respective results from Ref. [2] (obtained with the purity method). One can see that the results obtained with both procedures are in a good agreement.
Let us now compare the LO extracted 21 moments (truncated to the HERMES x B region) obtained with application of Eq. (20) (first line in the Table 5 ) with the existing LO results of SMC and HERMES taken from the Table XI in Ref. [2] . One can see that the results obtained with application of Eq. (20) (i.e., from the difference asymmetries plotted in Fig. 10 ) are in a good accordance with both HERMES and SMC results.
Thus, the performed LO tests show that representation Eq. (20) for the difference asymmetry can be successfully applied.
Notice also that even the LO extraction of ∆u V and ∆d V from the difference asymmetries is interesting in itself as an alternative (complementary) possibility. Indeed, Eqs. (18) are free from the rather badly known fragmentation functions and purities.
Reconstruction of the valence PDFs in NLO QCD
Here, using the constructed difference asymmetries as a starting point and operating just as in Section 3, we will reconstruct in NLO QCD both the truncated Mellin moments of the valence PDFs and the local PDFs themselves. 19 At present the such analysis is performed by HERMES collaboration 20 Dealing with LEPTO generator one should properly tune [2] the internal parameters of generator in order to achieve a proper description of the fragmentation process in the different experiments (HERMES here). 21 As before (see Section 3), reconstructing the moments we apply the procedure of integration given by Eq. (16) since it gives more precise reconstruction of the local PDFs than the usually applied procedure given by Eq. (14). Table 6 . It is of importance that the proposed procedure allows us to extract the moments in NLO directly, without the commonly used assumptions like ∆ū = ∆d = ∆s = ∆s (see, for example, Refs. [14, 18] ). Notice that the first moments ∆ 1 u V and ∆ 1 d V are very important in themselves because namely the first moments compose the nucleon spin. At the same time all four moments presented in Table 6 are necessary for the reconstruction of the local PDFs with MJEM application. Before application of MJEM in NLO, let us, for the sake of testing, reconstruct the local valence distributions in the leading order using LO moments from Table 5 . The results are presented in Fig. 12 . One can see that reconstructed with MJEM Eq. (4) and optimization criterium Eq. (8) curve is in a good agreement with both HERMES results and with the results of direct LO extraction from the difference asymmetries constructed with application of Eq. (20) .
After the successful LO testing we apply MJEM in NLO QCD using the results for ∆ ′ n u V and ∆ ′ n d V from Table 6 . The results are presented in Fig. 13 , where also, for comparison, the respective LO results are plotted. It is seen that the behavior of NLO and LO curves with respect to each other is in agreement with the predictions of existing parametrizations (see, for example, [14] ).
Corrections caused by Q 2 dependence of asymmetries
Until now we applied the approximation
commonly used (see Refs. [1, 2] ) for analysis of the DIS and SIDIS asymmetries. This approximation is in a good agreement even with the COMPASS data (see Fig. 5 in Ref. [19] ) and is especially suitable for the HERMES kinematics, where the "shoulder" in Q 2 is rather small (1 GeV 2 < ∼ Q 2 < ∼ 10 GeV 2 ; Q 2 mean = 2.5 GeV 2 -see Tables XII and XIII in Ref. [2] ) in comparison with the SMC and COMPASS kinematics. Nevertheless, even for the HERMES kinematics we deal with, for more comprehensive analysis, it is useful to estimate the corrections caused by the weak Q 2 dependence of the difference asymmetries. So, let us estimate the shifts in all four NLO moments caused by the respective shifts
in the difference asymmetries. The most simple way to estimate
is to use the maximal number of the latest available NLO parametrizations. Namely, we approximate r.h.s of Eq. (23) by the respective difference of "theoretical" asymmetries calculated with substitution of the different parametrizations to NLO equations for the difference asymmetries -Eqs. (14) , (15) in Ref. [5] .
Adding the calculated in this way
Using the obtained in such a way evolved asymmetries we extract the respective corrected moments of the valence PDFs ∆ ′ n q V | Corrected repeating the procedure from Section 3. Then we compare the corrected moments ∆ ′ n q V | Corrected with the respective moments ∆ ′ n q V from the previous section (obtained without corrections due to evolution) and calculate the respective shifts
The results are presented in the Tables 7 and 8 , where also the relative quantities δ(∆ ′ n q V )/∆ ′ n q V are presented. Notice that the considered procedure of the asymmetry evolution is quite similar to the procedure used by SMC for the Γ 1p(d) reconstruction (see Section V in Ref. [20] ).
It is of importance that we use for estimations the set of essentially different 22 NLO parametrizations and some of them, for example GRSV2000 (broken sea) and GRSV2000 (symmetric sea), differ from each other very strongly. However, one can see from the Tables 7, 8 that independently of the chosen parametrization the corrections for moments caused by evolution are very small (negligible in comparison with the statistical errors). To be precise, one can just include δ(∆ ′ n q V )| Average (see Tables 7 and 8 ) in the systematical error. Let us now reconstruct the local valence PDFs applying MJEM to the corrected moments ∆ ′ n q V | Corrected from the Tables 7 and 8 . The results are presented in Fig. 14. One can see that the curves corresponding to the different ways of correction (different used parametrizations) are very close to each other. The averaged over the different corrections curve (dashed line) also very insignificantly differs from the initial (obtained without corrections) curve (solid line).
Thus, the performed in this Section analysis demonstrates that at least for the HERMES kinematics we deal with here, the results are very insensitive to the corrections on the difference asymmetries caused by evolution.
Conclusions and prospects
Thus, in this paper the method of polarized SIDIS data analysis in NLO QCD is developed. The main peculiarity of the method is that its application is based on two subsequently applied Table 7 : NLO results for ∆ ′ n u V corrected due to evolution (top) together with the respective absolute and relative deviations from the uncorrected moments (bottom). The corrections are estimated using seven different NLO parametrizations. The roman numbers I and II correspond to GRSV2000NLO parametrization for broken and symmetric sea scenarios, respectively. The roman numbers III and IV correspond to Ref. [21] for sets ii+ and ii-(symmetric and weakly broken sea scenarios). The rest of numbers V-VII corresponds to the NLO parametrizations from Ref. [18] (in the order of citation). n  I  II  III  IV  V  VI  VII  1 0.0179 ± 0.0089 δ(∆ ′ n u V ) n I II III IV V VI VII 1 -0.0054 -0.0085 0.0006 0.0002 -0.0077 0.0039 -0.0092 2 -0.0034 -0.0031 -0.0019 -0.0021 -0.0030 -0.0010 -0.0035 3 -0.0013 -0.0012 -0.0009 -0.0009 -0.0012 -0.0005 -0.0013 4 -0.0005 -0.0005 -0.0004 -0.0004 -0.0005 -0.0002 -0.0006 procedures. First one directly extracts in NLO few first truncated (available to measurement) Mellin moments of the quark helicity distributions. The obtained at this stage results are very important and interesting in themselves. Indeed, the first moments are the main objects for understanding of the nucleon spin structure since they compose the nucleon spin. Second, using the obtained at first stage truncated moments as an input to the modification of the Jacobi polynomial expansion method, one eventually reconstructs the local quark helicity distributions in the accessible for measurement x B region. After successful testing we apply the proposed NLO method to the HERMES data on the pion production. To this end the pion difference asymmetries are constructed for both proton Table 8 : NLO results for ∆ ′ n d V corrected due to evolution (top) together with the respective absolute and relative deviations from the uncorrected moments (bottom). The corrections are estimated using seven different NLO parametrizations. The roman numbers I and II correspond to GRSV2000NLO parametrization for broken and symmetric sea scenarios, respectively. The roman numbers III and IV correspond to Ref. [21] for sets ii+ and ii-(symmetric and weakly broken sea scenarios). The rest of numbers V-VII corresponds to the NLO parametrizations from Ref. [18] (in the order of citation). n  I  II  III  IV  V  VI  VII  1 I  II  III  IV  V VI VII 1 -0.0114 -0.0075 -0.0181 -0.0235 -0.0046 -0.0080 -0.0048 2 -0.0015 -0.0017 -0.0048 -0.0059 -0.0008 -0.0018 -0.0012 3 -0.0003 -0.0004 -0.0014 -0.0017 -0.0001 -0.0003 -0.0002 4 -0.0001 -0.0001 -0.0005 -0.0006 -0.0000 -0.0000 -0.0000 )  n  I  II  III  IV  V  VI  VII  1 3 and deutron targets. To construct the difference asymmetries we use the HERMES data on the usual virtual photon SIDIS asymmetries, and, also, the well known quantity -ratio of unpolarized cross-sections for π + and π − production which we take from the LEPTO generator of unpolarized events. With the constructed in such a way difference asymmetries the LO results of the valence distribution reconstruction are in a good accordance with the respective leading order HERMES and SMC results, while the NLO results are in agreement with the existing NLO parametrizations on these quantities. Nevertheless, the obtained results should be considered as the rather preliminary since we construct the difference asymmetries in indirect way. At present the difference asymmetries are constructed by HERMES and are expected to be available in the nearest future. Certainly, it is very desirable to perform the NLO analysis of these directly constructed asymmetries and compare the results with the respective results presented in this paper. In this paper we apply the proposed method to the difference asymmetries only. Let us recall once again that essential advantage of these asymmetries in comparison with any other ones is the absence of fragmentation functions in LO and the weak dependence of well known difference of favored and unfavored pion fragmentation functions in NLO. So, since within this paper we mainly would like to investigate how well the method itself works, we, for a moment, prefer to deal namely with these very clean (from theoretical point of view) objects. In this connection it is of importance that the measurement of the difference asymmetries is one of the main topics of the physical program of E04-113 experiment planned at Jefferson Lab [22] . It is of importance that in this experiment the expected average Q 2 is also rather small (about 2 GeV 2 ). So, the NLO analysis in this experiment is also strongly required.
Certainly, in the nearest future we will apply the method to NLO analysis of all measured in the SIDIS experiments asymmetries. In particular, it can allow us to extract in NLO so important quantity as the polarized strangeness in nucleon. Regretfully, the only existing today data on kaon production (HERMES experiment) suffers of large statistical errors and, besides, the accessible for measurement HERMES x B region is rather narrow. So, to obtain the reliable results on the such tiny quantity as ∆ 1 s (as well as on ∆ 1ū and ∆ 1d ) it is necessary to perform the combined analysis, i.e., to analyze in NLO the combined data of SMC, HERMES, COMPASS and the planned E04-113 (Jefferson Lab) experiments. This is one of the main subjects of our future investigations. can be found in Refs. [11] and [12] . In practice one truncates truncated the series (A.4) living in the expansion only finite number of moments N max -see Eq. (4) . The experience shows [10] that even small N max gives good results. The idea of modified expansion is to reexpand F (x) in the series over the truncated moments M ′
[ab] [j] given by Eq. (3) , performing the rescaling x → a + (b − a)x which compress the entire region [0, 1] to the truncated region [a, b] . To this end let us apply the following ansatz 
so that with the orthogonality condition Eq. (A.3) one obtains
Substituting Eq. (A.7) in the expansion (A.5), and using Eq. (A.4) one eventually gets 
F Nmax (x) is the function reconstructed with application of MJEM (4) , and N max + 1 is the number of the highest of moments used in Eq. (4).
To prove this statement we will need the inverse to (A.4) expansion 
Using expansion (A.11) and orthogonality condition (
It is obvious that at n ≤ N max the Kronecker symbol δ km reduces the sum Nmax m=0 to the sum n m=0 . Thus, summing over m with δ km and using the identity Operating in this way for all n ≤ N max , one arrives at the equality (A.9) to be proved.
In conclusion, very important remark should be made here. Notice that ansatz (A.5) (as well as the expansion Eq. (4) itself) is correctly defined inside the entire region (a, b) except for the small vicinities of boundary points (absolutely the same situation holds for the usual JEM, Eq. (A.1), applied to the quark distributions in the region (0, 1)). Thus, near the boundary points the deviations of reconstructed with MJEM function from its true values are unavoidable. Fortunately, all numerical examples (see section 2) show that input and reconstructed with MJEM functions are in very good agreement in the practically entire considered x B region, while the boundary distortions are easily identified and controlled since they are very sharp and hold in very small vicinities of the boundary points (see Figs. 2-4) . Thus, to reconstruct the curve near the boundary points one should just cut off these distortions and then extrapolate the rest to the boundaries of the considered x B region.
To be precise, it should be also noticed that the all proofs given in the Appendix are rather formal because of the boundary distortions problem. All equations in the Appendix (like, for example, Eq. (A.9)) become exact only when the distortions are cutted off and extrapolation to the boundaries is made. Fortunately, the practice show that the distortion regions are so small that the numerical results on the integrals over the entire region [a, b] are practically insensitive to the way of extrapolation, so that all equations in the Appendix are valid with a high numerical precision. 
